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The 2-components of the 31-stem homotopy
groups of the 9 and 10-spheres
Tomohisa Inoue and Juno Mukai
Abstract
Group structures of the 2-primary components of the 31-stem homo-
topy groups of spheres were studied by Oda in 1979. There are, however,
two incompletely determined groups. In this paper, our investigation with
Toda’s composition method gives structures of them.
1 Introduction.
We denote by πnk the direct sum of the torsion-free part and the 2-primary
component of the k-th homotopy group πk(S
n) of the n-dimensional sphere Sn.
The group πnk was studied by Toda [14] with his composition method, and several
authors [7, 5, 6, 10] followed the method. In particular, Oda [10] investigated
the 2-primary components of k-stem homotopy groups for 25 ≤ k ≤ 31. There
are, however, two incompletely determined groups in 31-stem: π940 and π
10
41 .
We denote by {χ1, . . . , χn} a group generated by elements χ1, . . . , χn. If the
group is isomorphic to a group G, it is denoted by G{χ1, . . . , χn}. For the group
Z of integers, we set Zn = Z/nZ, and let (Zn)
k be the direct sum Zn⊕ · · · ⊕Zn
of k-copies of Zn. Let E : π
n
k → π
n+1
k+1 be the suspension homomorphism, and
let P : π2n+1k+2 → π
n
k be the P -homomorphism which is denoted by ∆ in [14]. We
use generators of homotopy groups of spheres in the same symbol as defined in
[14, 7, 5, 6, 10].
Oda [10, Theorem 3(c)] showed
π940 = Z2{σ9δ16} ⊕ Z2{σ9µ¯16σ33} ⊕ Z2{σ9σ¯
′
16} ⊕ Z2{δ9σ33} ⊕
Z16{α
IV
3 } ⊕G1{ν¯9ν17κ¯20}
(1.1)
and
π1041 = Z8{Pσ
∗
21} ⊕ Z16{Eα
IV
3 } ⊕G2{κ
∗
10, δ10σ34}, (1.2)
where G1 is Z2 or 0, and G2 is (Z2)
2 or Z4. We mention that equations
P (ν19κ¯22) = ν¯9ν17κ¯20 and P (ν21σ¯24) = δ10σ34 (1.3)
are obtained in [10, III-(10.3), Proposition 4.7(6)]. We denote by [χ1, χ2] the
Whitehead product of χ1 and χ2, and by ιn ∈ π
n
n the homotopy class of the
1
identity map on Sn. Since PE2χ = ±[ιn, ιn] ◦ χ for an element χ ∈ π
2n−1
k
(see [14, Proposition 2.5]), we have PEn+2χ = ±[ιn, ιn]E
nχ = ±[ιn, Eχ] for
an element χ ∈ πn−1k . Then images of elements by P are frequently written as
Whitehead products. For example, the equations of (1.3) are identical with
[ι9, ν9κ¯12] = ν¯9ν17κ¯20 and [ι10, ν10σ¯13] = δ10σ34. (1.4)
Signs are unnecessary because 2ν¯9ν17κ¯20 = 0 and 2δ10σ34 = 0.
The purpose of this note is to determine the groups (1.1) and (1.2). Our
results are stated as follows.
Theorem 1.1. (i) [ι9, ν9κ¯12] = ν¯9ν17κ¯20 = 0 and
π940 = Z2{σ9δ16} ⊕ Z2{σ9µ¯16σ33} ⊕ Z2{σ9σ¯
′
16} ⊕ Z2{δ9σ33} ⊕ Z16{α
IV
3 }.
(ii) [ι10, ν10σ¯13] = δ10σ34 = 2κ
∗
10 and
π1041 = Z8{Pσ
∗
21} ⊕ Z16{Eα
IV
3 } ⊕ Z4{κ
∗
10}.
To show Theorem 1.1, we use Toda’s composition method which requires
generators of homotopy groups. In Section 2, we describe some relations of
generators. Section 3 gives details of our investigation concerning π940. The
structure of π1041 is obtained in Section 4.
At the end of this section, we recall [14, Proposition 4.2]: there exists an
exact sequence
· · · → π2n+1k+2
P
−→ πnk
E
−→ πn+1k+1
H
−→ π2n+1k+1
P
−→ πnk−1
E
−→ πn+1k → · · · ,
called the EHP sequence, where H be the Hopf homomorphism.
2 Recollection of some relations.
We use notations in [14] and properties of Toda brackets freely. We know
2η2 = [ι2, ι2], [14, Proposition 5.1]; (2.1)
η3ν4 = ν
′η6, η4ν5 = (Eν
′)η7 = [ι4, η4], [14, (5.9), (5.11)]; (2.2)
ν5η8 = [ι5, ι5], [14, (5.10)]; (2.3)
2σ8 − Eσ
′ = ±[ι8, ι8], [14, (5.16)]; (2.4)
η9σ10 + σ9η16 = [ι9, ι9], [14, Lemma 6.4, (7.1)]; (2.5)
η7σ8 = ν¯7 + ε7 + σ
′η14, η9σ10 = ν¯9 + ε9, [14, Lemma 6.4, (7.4)]; (2.6)
η3ε4 = ε3η11, [14, (7.5)]; (2.7)
ε4ν12 = [ι4, ι4]ν¯7, [14, (7.13)]; (2.8)
ν6ν¯9 = ν6ε9 = 2ν¯6ν14 = [ι6, ν
2
6 ], [14, (7.17), (7.18)]; (2.9)
2σ215 = [ι15, ι15], [14, (10.10)]; (2.10)
2
ε3σ11 = 0, σ11ε18 = 0, ν¯6σ14 = 0, [14, Lemma 10.7]; (2.11)
η6κ7 = ε¯6, κ9η23 = ε¯9, [14, (10.23)]; (2.12)
ν5σ8ν
2
15 = η5ε¯6, ε
2
3 = ε3ν¯11 = η3ε¯4 = ε¯3η18, [14, Lemma 12.10]. (2.13)
By (2.6) and (2.11), we have
η9σ
2
10 = (ν¯9 + ε9)σ17 = ν¯9σ17 + ε9σ17 = 0. (2.14)
We recall [14, (7.19)]:
σ′ν14 = xν7σ10 for some odd integer x. (2.15)
Then (2.4) gives 2σ9ν16 = xν9σ12. Since 8σ9ν16 = 8ν9σ12 = 0 (see [14, Theorem
7.3]), we have
ν9σ12 = ±2σ9ν16 (2.16)
and hence, by [14, (7.21)],
ν10σ13 = 2σ10ν17 = [ι10, η10], σ11ν18 = [ι11, ι11]. (2.17)
Similarly, we obtain
ζ9σ20 = ±2σ9ζ16
because σ′ζ14 = xζ7σ18 for some odd integer x (see [14, Lemma 12.12]) and
8σ9ζ16 = 8ζ9σ20 = 0 (see [14, Theorem 12.8]). The relation and [14, (12.25)]
imply
ζ10σ21 = 2σ10ζ17 = [ι10, µ10]. (2.18)
By [12, Propositions (2.2)(5), (2.2)(6)] and [14, (7.25)], we have
η5ζ6 = 0, ζ6η17 = ν6µ9 = 8[ι6, ι6]σ11. (2.19)
By [14, Lemma 5.12 and Remark],
{ηn, νn+1, ηn+4} = ν
2
n for n ≥ 5, (2.20)
and hence, by σ¯6 ∈ {ν6, ε9+ ν¯9, σ17}1 (see [14, p. 138]), (2.6), (2.15) and (2.17),
η5σ¯6 ∈ η5 ◦ {ν6, ε9 + ν¯9, σ17}
= η5 ◦ {ν6, η9σ10, σ17}
= −{η5, ν6, η9σ10} ◦ σ18
⊃ −{η5, ν6, η9} ◦ σ
2
11 = −ν
2
5σ
2
11 = −xν5(Eσ
′)ν15σ18 = 0
mod η5ν6 ◦ π
9
25 + η5 ◦ π
6
18 ◦ σ18
for some odd integer x. Here, η5ν6 = 0 by (2.2); η5 ◦π
6
18 = {η5[ι6, ι6]σ11} by [14,
Theorem 7.6]. By (2.3) and by relations η35 = 4ν5 and 2ν
2
5 = 0 (see [14, (5.5),
Proposition 5.11]), we have η5[ι6, ι6] = [η5, η5] = [ι5, ι5]η
2
9 = ν5η
3
8 = 4ν
2
5 = 0.
This implies η5 ◦ π
6
18 = 0. Thus
η5σ¯6 = 0. (2.21)
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We know [7, Lemma 16.1, p. 50]:
π1030 = Z8{κ¯10} ⊕ Z8{β
′}, (2.22)
where
Eβ′ = θ′ε23, Hβ
′ = ζ19 and 2β
′ = ±[ι10, ζ10]. (2.23)
By [12, Proposition (2.6)(2)], ν8θ
′ = (Eσ′)ε15 or (Eσ
′)ν¯15. Then E(ν7β
′) =
ν8θ
′ε23 equals (Eσ
′)ε215 or (Eσ
′)ν¯15ε23. Here,
ε29 = η9ε¯10 = ν9σ12ν
2
19 = 0 (2.24)
by (2.13) and (2.17). Furthermore, ν¯6ε14 = 0 by [12, Proposition (2.8)(2)].
These imply E(ν7β
′) = 0 and
ν7β
′ = 0 (2.25)
because E : π730 → π
8
31 is a monomorphism. On the other hand, E(β
′σ30) =
θ′ε23σ31 = 0 by (2.11) and H(β
′σ30) = ζ19σ30 = 0 by (2.18). Then β
′σ30 ∈
kerE = Z4{Pν
∗
21} (see [10, Theorem 2(a)]) and β
′σ30 ∈ kerH . Since HPν
∗
21 =
±2ν∗19 (see [14, Proposition 2.7]) and ν
∗
19 is of order 8 (see [14, Theorem 12.22]),
we have kerE ∩ kerH = 0, that is,
β′σ30 = 0. (2.26)
By [8, the proof of Lemma 3.2], we have (Eλ′)η30σ31 = (Eξ
′)η30σ31 = 0.
Since
E : π1137 → π
12
38 is a monomorphism, [10, I-(8.17)], (2.27)
the relations give
λ′η29σ30 = ξ
′η29σ30 = 0. (2.28)
We may show (2.28) by the same way as [8] without (2.27).
We show the following lemma.
Lemma 2.1. µ¯3κ20 = 0.
Proof. Since µ¯3 ∈ {µ3, 2ι12, 8σ12}1 (see [14, p. 136]), we have
µ¯3κ20 ∈ {µ3, 2ι12, 8σ12}1 ◦ κ20 = µ3 ◦ E{2ι11, 8σ11, κ18} ⊂ µ3 ◦ Eπ
11
33 .
Then π1133 = {σ11ρ18, ε11κ19, ν11σ¯14} (see [5, Theorem B]) gives
µ¯3κ20 ∈ {µ3σ12ρ19, µ3ε12κ20, µ3ν12σ¯15}.
By [10, III-Proposition 2.6(1)], the element µ3σ12ρ19 is equal to 0. Since η3µ4 =
µ3η12, µ3ε12 ≡ η3µ4σ13 mod 2ε¯
′ (see [12, Propositions (2.2)(2), (2.13)(7)]), and
κ10 is of order 2 (see [14, Theorem 10.3]), we have
µ3ε12κ20 ≡ η3µ4σ13κ20 = µ3η12σ13κ20 mod (2ε¯
′)κ20 = ε¯
′(2κ20) = 0.
Then µ3ε12κ20 = µ3η12ν13E
3λ = 0, as σ10κ17 = ν10λ (see [10, I-Proposition
3.1(1)]) and by (2.2). By relations µ3ν12 = ν
′η6ε7 (see [12, Proposition (2.2)(4)]),
(2.7) and (2.21), we have µ3ν12σ¯15 = ν
′η6ε7σ¯15 = ν
′ε6η14σ¯15 = 0. Thus
µ¯3κ20 = 0.
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3 Proof of Theorem 1.1(i).
In this section, we shall show the following theorem.
Theorem 3.1. σ′δ14 ≡ ν¯7ν15κ¯18 mod σ
′σ¯′14, σ
′µ¯14σ31.
By (2.4), E2(σ′δ14), E
2(σ′σ¯′14) and E
2(σ′µ¯14σ31) are equal to 2σ9δ16, 2σ9σ¯
′
16
and 2σ9µ¯16σ33, respectively. By (1.1), these elements are 0. Then Theorem 3.1
gives ν¯9ν17κ¯20 = 0: it is suffice to show Theorem 3.1 to obtain Theorem 1.1(i).
Lemma 3.2. 〈ν, η, ζ〉 = 0.
Proof. In this proof, we refer to the Bott periodicity theorem [1]: if k + 1 < n,
πk(SO(n)) is isomorphic to Z2, Z2, 0, Z, 0, 0, 0 and Z for k ≡ 0, 1, 2, 3, 4,
5, 6 and 7 mod 8, respectively. For a sufficiently large n, we have ζn = Jζ
′
n,
where ζ′n is the generator of π11(SO(n))
∼= Z and J : π11(SO(n)) → πn+11(S
n)
is the J-homomorphism. A Toda bracket {ζ′n, η11, ν12} ⊂ π16(SO(n))
∼= Z2 is
well defined because ζ′nη11 ∈ π12(SO(n)) = 0 and η5ν6 = 0, by (2.2). By (2.20)
and π14(SO(n)) = 0, we have
{ζ′n, η11, ν12} ◦ η16 = −(ζ
′
n ◦ {η11, ν12, η15}) = −ζ
′
nν
2
11 ∈ π14(SO(n)) ◦ ν14 = 0.
By [4, Lemma 2], η∗16 : π16(SO(n))→ π17(SO(n)) is an isomorphism, and hence
{ζ′n, η11, ν12} = 0. Then, by [8, Lemma 5.1], we have
{ζn, ηn+11, νn+12} ⊃ (−1)
nJ{ζ′n, η11, ν12} = 0.
Therefore, groups πs5 = 0 and π
s
13 = 0 (see [14, Proposition 5.9, Theorem 7.7])
shows that 〈ζ, η, ν〉 = 〈ν, η, ζ〉 ∋ 0 mod ν ◦ πs13 + π
s
5 ◦ ζ = 0.
Toda brackets {ν6, η9, ζ10}1, {η10, ζ11, σ22} and {ζ11, σ22, 2σ29} are well de-
fined: ν6η9 = 0 by (2.3); η5ζ6 = 0 by (2.19); ζ11σ22 = 0 by (2.18); and 2σ
2
16 = 0
by (2.10).
Lemma 3.3. {ν6, η9, ζ10} ∋ ζ
′ mod η6ε¯7, 2ζ
′ and {ν7, η10, ζ11} ∋ σ
′η14ε15 mod
η7ε¯8.
Proof. By [14, Proposition 5.9, Theorem 7.7], we have π611 = {Pι13}, π
7
12 = 0,
πnn+13 = {σnν
2
n+7} for n = 9, 10 and Eπ
8
21 = π
9
22. The last equation implies
that the Toda bracket {ν6, η9, ζ10} is equal to {ν6, η9, ζ10}1. The indeterminacy
of {ν6, η9, ζ10} is ν6 ◦π
9
22+π
6
11 ◦ ζ11 = {ν6σ9ν
2
16, P ζ13}. Here, ν6σ9ν
2
16 = η6ε¯7 by
(2.13) and Pζ13 = ±2ζ
′ by [14, (12.4)]. The indeterminacy of {ν7, η10, ζ11} is
obtained in the same way. By (2.3), we have Pι11 = ν5η8 and hence the kernel
of P : π1111 → π
5
9 = Z2{ν5η8} (see [14, Proposition 5.8]) is generated by 2ι11.
Then an equation
H{ν6, η9, ζ10}1 = −P
−1(ν5η8) ◦ ζ11 = {aζ11 | a is odd}
is obtained by the use of [14, Proposition 2.6]. Since π1122 = Z8{ζ11}, π
6
22 =
Z8{ζ
′} ⊕ Z2{µ6σ15} ⊕ Z2{η6ε¯7}, and Hζ
′ ≡ ζ11 mod 2ζ11 (see [14, Theorems
7.4, 12.6, Lemma 12.1]), we have
H−1{aζ11 | a is odd} = {bζ
′+ cµ6σ15 + dη6ε¯7 | b = 1, 3, 5, 7, c = 0, 1, d = 0, 1}.
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This yields
{ν6, η9, ζ10} ∋ ζ
′ + cµ6σ15
for c = 0 or 1, because the indeterminacy of {ν6, η9, ζ10} is {η6ε¯7, 2ζ
′} as above.
Therefore, relations Eζ′ = σ′η14ε15 and 2ε15 = 0 (see [14, (12.4), Theorem 7.1])
give
{ν7, η10, ζ11} ⊃ −E{ν6, η9, ζ10} ∋ −Eζ
′ − cµ7σ16 = σ
′η14ε15 + cµ7σ16.
By (2.4), we have E2(σ′η14ε15) = σ9η16 ◦ 2ε17 = 0 and hence 〈ν, η, ζ〉 ∋ cµσ.
Since µσ = σµ 6= 0 (see [14, p. 156, Theorem 12.16]), Lemma 3.2 leads to
c = 0.
Lemma 3.4. ν7 ◦ {η10, ζ11, σ22} = 0 and {η10, ζ11, σ22} ◦ σ30 = 0.
Proof. By Lemma 3.3, we have
ν7 ◦ {η10, ζ11, σ22} = −({ν7, η10, ζ11} ◦ σ23) ⊂ {σ
′η14ε15, η7ε¯8} ◦ σ23.
Then (2.11) and
ε¯3σ18 = 0, [6, (2.4)], (3.1)
give the first half. By (2.22), {η10, ζ11, σ22} ⊂ Z8{κ¯10}⊕Z8{β
′}. We have ν7κ¯10
is of order 8 by [6, Theorem 1.1(a)], and ν7β
′ = 0 by (2.25). Then the first half
shows {η10, ζ11, σ22} ⊂ Z8{β
′}. Hence, by (2.26), we obtain the second half.
By Lemma 3.4, we may consider the Jacobi identity:
{{ν7, η10, ζ11}, σ23, 2σ30}+ {ν7, {η10, ζ11, σ22}, 2σ30}
+ {ν7, η10, {ζ11, σ22, 2σ29}} ∋ 0.
(3.2)
As a preparation, we show the next lemma, which is followed by observations
of Toda brackets in (3.2).
Lemma 3.5. π731 ◦ 2σ31 = 0 and ν7 ◦ π
10
38 = 0.
Proof. Since π731
∼= (Z2)
7 (see [6, Theorem 1.1(b)]), the first half of the lemma
is obvious. The group π1038 is obtained in [10, Theorem 2(b)]:
π1038 = Z8{F
(1)
1 } ⊕ Z2{σ
4
10} ⊕ Z2{σ10ν
∗
17ν35} ⊕ Z2{ν¯10κ¯18} ⊕ Z2{ε10κ¯18},
where F
(1)
1 ∈ {F1, 8ι30, 2σ30}1 for F1 ∈ {Pι21, η
2
19, ε21}1 (see [9, Definition
3.18]). Since F1 = xβ
′ for some odd integer x (see [10, I-(2.1)]), (2.25) and
the first half lead to
ν7F
(1)
1 ∈ ν7 ◦ {xβ
′, 8ι30, 2σ30} = −{ν7, xβ
′, 8ι30} ◦ 2σ31 ⊂ π
7
31 ◦ 2σ31 = 0.
By (2.15) and (2.17),
ν7σ
4
10 = σ
′ν14σ
3
17 = 0.
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Since ν∗16 ∈ {σ16, 2σ23, ν30}1 (see [14, p. 153]) and
{ν13, σ16, 2σ23} = ξ13 + y(λ+ 2ξ13)
for some odd integer y (see [10, I-Proposition 3.4(8)]), relations (2.10), (2.17)
and ξ12ν30 = σ
3
12 (see [10, II-Proposition 2.1(2)]) yield
ν13ν
∗
16 ∈ ν13 ◦ {σ16, 2σ23, ν30}
= −{ν13, σ16, 2σ23} ◦ ν31
= (−ξ13 − y(λ+ 2ξ13))ν31 = σ
3
13 − yλν31,
and hence, by (2.15), (2.17), σ′Eλ ≡ 0 mod 4E2φ′′ (see [10, II-(6.4)]) and 2ν232 =
0 (see [14, Proposition 5.11]), we obtain
ν7σ10ν
∗
17ν35 = σ
′ν14ν
∗
17ν35 = σ
′(σ314 − y(Eλ)ν32)ν35 = σ
′(Eλ)ν232 ≡ 0
mod 4E2φ′′ ◦ ν232 = E
2φ′′ ◦ 4ν232 = 0.
By (2.9),
ν7ν¯10κ¯18 = ν7ε10κ¯18 = 0.
Therefore, every element which is composite of generators of π1038 and ν7 is 0.
Lemma 3.6. {ν7, χ, 2σ30} = 0 for χ ∈ {η10, ζ11, σ22}.
Proof. The indeterminacy of {ν7, χ, 2σ30} is trivial by Lemma 3.5. We may take
χ = xβ′ for some integer x from the proof of Lemma 3.4. By [10, Theorem 3(c)]
and (2.26), we have
{ν7, xβ
′, 2σ30} = {ν7, xβ
′, σ30} ◦ 2ι38 ∈ 2π
7
38 = {2α
′′′
3 },
and hence {ν7, xβ
′, 2σ30} = 2yα
′′′
3 for some integer y. By (2.23) and E
2θ′ = 0
(see [14, p. 80]), we have
2yE5α′′′3 = E
5{ν7, xβ
′, 2σ30} ∈ −{ν12, 0, 2σ35} = ν12 ◦ π
15
43 + π
12
36 ◦ 2σ36.
The Toda bracket−{ν12, 0, 2σ35} vanishes because π
12
36
∼= (Z2)
4 (see [6, Theorem
1.1(b)]), ν12 ◦ π
15
43 = {ν12ε15κ¯23} (see [10, Theorem 2(b)]), and ν12ε15 = 0 by
(2.9). On the other hand, 2yE5α′′′3 ≡ 4yE
3αIV3 mod E
3π933 ◦ σ36 (see [10, III-
Proposition 3.4]). Here, the group E3π933 ◦ σ36 has three generators δ12σ36,
µ¯12σ
2
29 and σ¯
′
12σ36 (see [6, pp. 34–35]), each of which is 0 by [10, III-Propositions
2.6(1), 2.6(5)]:
µ¯3σ
2
20 = 0, σ¯
′
7σ31 = 0 and δ11σ35 = 0. (3.3)
Therefore, we have 4yE3αIV3 = 0. This yields
{ν7, xβ
′, 2σ30} = 2yα
′′′
3 = 0,
since E3αIV3 and α
′′′
3 are of order 16 and 8 (see [10, Theorem 3(c)]), respectively.
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Lemma 3.7. {χ, σ23, 2σ30} = σ
′η14φ15 for χ ∈ {ν7, η10, ζ11}.
Proof. By Lemma 3.3, χ = σ′η14ε15+xη7ε¯8 for some integer x. By [11, Theorem
2(2)], we have σ′η14ε15 = σ
′η214σ16+ η7ε¯8. Then χ = σ
′η214σ16+(x+1)η7ε¯8 and
{χ, σ23, 2σ30} ⊂ {σ
′η214σ16, σ23, 2σ30}+ {(x+ 1)η7ε¯8, σ23, 2σ30}.
By (2.13) and (2.17),
{η7ε¯8, σ23, 2σ30} = {ν7σ10ν
2
17, σ23, 2σ30} ⊃ ν7 ◦ {σ10ν
2
17, σ23, 2σ30}
mod ν7σ10ν
2
17 ◦ π
23
38 + π
7
31 ◦ 2σ31.
By Lemma 3.5, we have ν7 ◦ {σ10ν
2
17, σ23, 2σ30} ⊂ ν7 ◦ π
10
38 = 0 and
ν7σ10ν
2
17 ◦ π
23
38 + π
7
31 ◦ 2σ31 ⊂ ν7 ◦ π
10
38 + π
7
31 ◦ 2σ31 = 0.
These give {(x+ 1)η7ε¯8, σ23, 2σ30} = 0. On the other hand, we have
{σ′η214σ16, σ23, 2σ30} ⊃ σ
′η14 ◦ {η15σ16, σ23, 2σ30} ∋ σ
′η14φ15
mod σ′η214σ16 ◦ π
23
38 + π
7
31 ◦ 2σ31
since {η9σ10, σ17, 2σ24} ∋ φ9 (see [10, I-Proposition 3.4(5)]). Lemma 3.5, (2.13)
and the above equation σ′η14ε15 = σ
′η214σ16 + η7ε¯8 yield
σ′η214σ16 ◦ π
23
38 + π
7
31 ◦ 2σ31 = (σ
′η14ε15 − ν7σ10ν
2
17) ◦ π
23
38 = σ
′η14ε15 ◦ π
23
38 .
Then the indeterminacy is trivial because π2338 = {ρ23, ε¯23} (see [14, Theorem
10.10]), ε5ρ13 = 0 (see [10, I-Proposition 3.1(4)]), and η3ε4ε¯12 = ε3η11ε¯12 = 0
by (2.7) and (2.24). Therefore, we have {σ′η214σ16, σ23, 2σ30} = σ
′η14φ15 and
this completes the proof.
Lemmas 3.6 and 3.7 simplify (3.2) as follows.
σ′η14φ15 ∈ {ν7, η10, {ζ11, σ22, 2σ29}}. (3.4)
Next, we investigate the Toda bracket {ν7, η10, {ζ11, σ22, 2σ29}}. The following
lemma extends [2, Lemma 3.5].
Lemma 3.8. {ζ11, σ22, 2σ29} = ν
2
11κ¯17 ± 2τ
′′′ + xσ11σ¯18 for x = 0 or 1.
Proof. We consider an inclusion
{ζ11, 2σ22, σ29} ⊃ {ζ11, σ22, 2σ29} mod ζ11 ◦ π
22
37 + π
11
30 ◦ σ30.
The groups π2237 = {ρ22, ε¯22} and π
11
30 = {λ
′η29, ξ
′η29, σ¯11, ζ¯11} are obtained in
[14, Theorems 10.10, 12.23]. Since ζ11ρ22 ≡ 0 mod 8π
11
37 (see [10, I-Proposition
3.5(7)]) and π1137
∼= Z8 ⊕ (Z2)
4 (see [10, Theorem 1(b)]), we have ζ11ρ22 = 0.
We also have ζ11ε¯22 = ζ11η22κ23 = 0 by (2.12) and (2.19). Thus ζ11 ◦ π
22
37 = 0.
Moreover, we obtain π1130◦σ30 = 0: λ
′η29σ30 = ξ
′η29σ30 = 0 by (2.28); σ¯10σ29 = 0
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by [10, I-Proposition 6.4(6)]; and ζ¯11σ30 = 0 by [10, I-(8.14)]. This implies that
{ζ11, σ22, 2σ29} equals {ζ11, 2σ22, σ29} and consists of one element. Therefore, we
examine the Toda bracket {ζ11, 2σ22, σ29} below. By [10, the proof of I-(8.22)],
we have H{ζ10, 2σ21, σ28}1 = Hτ
′′ and hence
{ζ10, 2σ21, σ28}1 ⊂ τ
′′ + kerH = τ ′′ + {2τ ′′, σ10σ¯17, κ¯10ν
2
30, ν
2
10κ¯16, η10µ3,11}
by [10, I-(8.12), (8.13)]. Then a relation κ¯11ν
2
31 = ν
2
11κ¯17 (see [10, I-Proposition
6.4(7)]) shows
{ζ11, 2σ22, σ29} = −E{ζ10, 2σ21, σ28}1
∈ −Eτ ′′ + {2Eτ ′′, σ11σ¯18, ν
2
11κ¯17, η11µ3,12}.
By [10, I-(8.18), Theorem 1(b)], 2τ ′′′ = −Eτ ′′, τ ′′′ is of order 8, and σ11σ¯18,
ν211κ¯17, η11µ3,12 are of order 2. Then {ζ11, 2σ22, σ29} is written as
{ζ11, 2σ22, σ29} = ±2τ
′′′ + aσ11σ¯18 + bν
2
11κ¯17 + cη11µ3,12
with coefficients a, b, c, each of which is 0 or 1. Since σ14σ¯21 = 0 and E
8(2τ ′′′) =
−E9τ ′′ = 4E7τIV = 0 (see [10, I-Proposition 6.4(10), (8.22), (8.24)]), we have
〈ζ, 2σ, σ〉 = bν2κ¯+ cηµ3,∗ ∈ π
s
26.
Here, πs26 = Z2{ν
2κ¯} ⊕ Z2{ηµ3,∗} by [10, Theorem 1(b)] and 〈ζ, 2σ, σ〉 =
〈σ, 2σ, ζ〉 = ν2κ¯ by [2, Theorem 1]. Thus b = 1 and c = 0: the proof is
completed.
We recall the definition and a property of σ¯′6 ∈ π
6
30 from [6, (3.8)].
σ¯′6 ∈ {ν6, η9, σ¯10}3, 2σ¯
′
6 = 0. (3.5)
Lemma 3.9. {ν7, η10, χ} ≡ ν¯7ν15κ¯18 mod σ
′σ¯′14 for χ ∈ {ζ11, σ22, 2σ29}.
Proof. By Lemma 3.8, χ has the form ν211κ¯17 ± 2τ
′′′ + xσ11σ¯18 for x = 0 or 1.
Then there is an inclusion
{ν7, η10, χ} ⊂ {ν7, η10, ν
2
11κ¯17}+ {ν7, η10, 2τ
′′′}+ {ν7, η10, xσ11σ¯18}.
Notice that ν7◦π
10
38 = 0, π
7
12 = 0 and π
7
19 = 0 by Lemma 3.5 and [14, Proposition
5.9, Theorem 7.6]. Since
ν¯6 ∈ {ν6, η9, ν10}, [14, p. 53], (3.6)
we have
ν¯7ν15κ¯18 ∈ {ν7, η10, ν11} ◦ ν15κ¯18 ⊂ {ν7, η10, ν
2
11κ¯17}
mod ν7 ◦ π
10
38 + π
7
12 ◦ ν
2
12κ¯18 = 0.
By (2.27), a relation 2ι11 ◦ τ
′′′ = 2τ ′′′ holds, and hence
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{ν7, η10, 2τ
′′′} ⊃ {ν7, η10, 2ι11} ◦ Eτ
′′′ ⊂ π712 ◦ Eτ
′′′ = 0
mod ν7 ◦ π
10
38 + π
7
12 ◦ 2Eτ
′′′ = 0.
By (2.5), (2.15), (2.21) and (3.5),
{ν7, η10, σ11σ¯18} ⊂ {ν7, η10σ11, σ¯18}
⊃ {ν7σ10, η17, σ¯18}
⊃ yσ′ ◦ {ν14, η17, σ¯18}
∋ σ′σ¯′14 mod ν7 ◦ π
10
38 + π
7
19 ◦ σ¯19 = 0
for some odd integer y. These imply {ν7, η10, ν
2
11κ¯17} = ν¯7ν15κ¯18, {ν7, η10, 2τ
′′′} =
0 and {ν7, η10, σ11σ¯18} = σ
′σ¯′14.
From Lemma 3.9 and (3.4), we have
σ′η14φ15 ≡ ν¯7ν15κ¯18 mod σ
′σ¯′14.
Since η4φ5 ≡ δ4 mod µ¯4σ21, (Eε
′)κ14 (see [10, I-Proposition 3.5(9)]),
σ′δ14 ≡ ν¯7ν15κ¯18 mod σ
′σ¯′14, σ
′µ¯14σ31, σ
′(E11ε′)κ24.
Here, E11ε′ = ±2ν14σ17 = 0 by [14, (7.10)] and (2.17). Furthermore, we obtain
σ¯′6 ≡ σ¯
′
6 mod P (ξ13)η29, ν6σ9κ16 by [8, Lemma 4.5]. Since ν8σ11κ18 = P (ν17κ20)
(see [6, (5.11)]), we see that σ¯′9 = σ¯
′
9. This completes the proof of Theorem 3.1.
4 Proof of Theorem 1.1(ii).
According to [10, the proof of III-Proposition 3.3(2)],
{κ10 + 8xσ
2
10, 2ι24, η24} ∋ 0, {2ι23, η23, σ
2
24} = 0 (4.1)
and κ∗10 is a representative of a tertiary composition
{κ10 + 8xσ
2
10, 2ι24, η24, σ
2
25}1,
where x is an integer satisfying that {κ11, 2ι25, η25} = xσ11µ18. It holds that
[10, III-(10.5)]:
2κ∗10 ∈ {ε¯10, η25, σ
2
26} mod P (ν21σ¯24) and 2κ
∗
10 = xδ10σ34 for x = 0 or 1,
where δ10σ34 = P (ν21σ¯24) = [ι10, ν10σ¯13] by (1.3) and (1.4).
We denote byMn = Sn−1∪2ιn−1e
n the Z2-Moore space, in : S
n−1 →Mn the
inclusion map, and pn : M
n → Sn the collapsing map. Let η˜n ∈ πn+2(M
n+1)
be a coextension of ηn for n ≥ 3. Notice that η˜n ∈ πn+2(M
n+1) ∼= Z4 is a
generator satisfying
pn+1η˜n = ηn+1, 2η˜n = in+1η
2
n and η˜n ∈ {in+1, 2ιn, ηn}. (4.2)
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By (2.1) and (2.14), a Toda bracket {2ι11, η11, σ
2
12} ⊂ π
11
27 is well defined.
Since π1127 = Z2{σ11µ18}, π
23
39 = Z2{ω23}⊕Z2{σ23µ30} (see [14, Theorem 12.16])
and E12 : π1127 → π
23
39 is a monomorphism, (4.1) implies {2ι11, η11, σ
2
12} = 0.
Then (4.2) gives
η˜11σ
2
13 ∈ {i12, 2ι11, η11} ◦ σ
2
13 = −(i12 ◦ {2ι11, η11, σ
2
12}) = 0.
By (4.1), there exists an extension κ10 + 8xσ210 ∈ [M
25, S10] of κ10+8xσ
2
10 such
that κ10 + 8xσ210 ◦ η˜24 = 0. Thus, we may define a Toda bracket
{κ10 + 8xσ210, η˜24, σ
2
26}13.
Hereafter, κ∗10 is chosen as a representative of this Toda bracket.
Lemma 4.1. κ∗10 = {κ10 + 8xσ
2
10, η˜24, σ
2
26}13 and 2κ
∗
10 = E{ε¯9, η24, σ
2
25}12.
Proof. Notice that {ε¯9, η24, σ
2
25}12 is well defined by (2.13), (2.14) and (2.24).
The indeterminacy of {κ10 + 8xσ210, η˜24, σ
2
26}13 is
κ10 + 8xσ210 ◦ E
13π28(M
12) + π1027 ◦ σ
2
27. (4.3)
If the group is trivial, the first half is proved. Moreover, the triviality shows the
second half since (4.2), (2.1) and (2.12) give
2κ∗10 ∈ {κ10 + 8xσ
2
10, η˜24, σ
2
26}13 ◦ 2ι41
⊂ {κ10 + 8xσ210, 2η˜24, σ
2
26}13
= {κ10 + 8xσ210, i25η
2
24, σ
2
26}13
⊃ {κ10η24, η25, σ
2
26}13
= {ε¯10, η25, σ
2
26}13
⊃ E{ε¯9, η24, σ
2
25}12
mod κ10 + 8xσ210 ◦ E
13π28(M
12) + π1027 ◦ σ
2
27.
Therefore, we shall prove the group (4.3) to be 0.
By [14, Theorem 12.17], we have π1027 = {σ10η17µ18, ν10κ13, µ¯10}. Then π
10
27 ◦
σ227 = 0 because µ3σ
2
12 = 0 by [6, (2.9)],
κ7σ21 = 0 (4.4)
by [10, II-Proposition 2.1(2)], and µ¯3σ
2
20 = 0 by (3.3).
Let ϕn ∈ πn(M
n, Sn−1) be the characteristic map of the n-cell ofMn and let
j : (Mn, ∗) → (Mn, Sn−1) be the inclusion. By [14, Theorem 12.16], we know
that πn+16(S
n) = Z2{σnµn+7} for n = 11, 12. Then, by [3, (2.7)], there is a
split exact sequence
0→ Qπ17(S
11) →֒ π28(M
12, S11)
p12∗
−−−→ π28(S
12)→ 0,
11
where Q : π17(S
11)→ π28(M
12, S11) assigns to x ∈ π17(S
11) the relative White-
head product [ϕ12, x], and the kernel of Q is (2ι11∗ ◦ E
−12 ◦ H)π29(S
12) ⊂
2π17(S
11). Since π17(S
11) = Z2{ν
2
11} (see [14, Proposition 5.11]), the kernel of
Q is trivial, and hence π28(M
12, S11) = Z2{[ϕ12, ν
2
11]} ⊕ Z2{χ} for an element
χ ∈ p−112∗(σ12µ19). Notice that ∂[ϕ12, ν
2
11] = [2ι11, ν
2
11] = [ι11, 2ν
2
11] = 0 and
∂χ = 2σ11µ18 = 0, where ∂ is the connecting homomorphism π28(M
12, S11) →
π27(S
11). So, by making use of the homotopy exact sequence of a pair (M12, S11),
we obtain
π28(M
12) = {χ1, χ2}+ i12∗π28(S
11),
where χ1 ∈ j
−1
∗
χ ⊂ j−1
∗
p−112∗(σ12µ19) and χ2 ∈ j
−1
∗
[ϕ12, ν
2
11]. We have
p12∗j∗(η˜11ρ13) = p12η˜11ρ13 = η12ρ13 = σ12µ19
because σ12µ19 = η12ρ13 (see [14, Proposition 12.20]) and by (4.2). Thus, we
may take χ1 = η˜11ρ13. Since j∗Eχ2 = E
′[ϕ12, ν
2
11] = 0 for the relative sus-
pension E′ : π28(M
12, S11) → π29(M
13, S12) (see [13]), Eχ2 is contained in the
kernel of j∗ : π29(M
13) → π29(M
13, S12), that is, Eχ2 ∈ i13∗π29(S
12). There-
fore, (4.3) is a subgroup of
{κ10 + 8xσ210 ◦ η˜24ρ26}+ κ10 + 8xσ
2
10 ◦ E
12(i13∗π29(S
12)).
From the definition of κ10 + 8xσ210, we have κ10 + 8xσ
2
10 ◦ η˜24ρ26 = 0. By the
fact that E12π29(S
12) = Z2{ε
∗
24}⊕Z2{σ24η31µ32} ⊕Z2{ν24κ27} ⊕Z2{µ¯24} (see
[14, Theorem 12.17]),
κ10 + 8xσ210 ◦ E
12(i13∗π29(S
12)) = (κ10 + 8xσ
2
10) ◦ E
12π29(S
12)
= κ10 ◦ E
12π29(S
12)
= κ10 ◦ {ε
∗
24, σ24η31µ32, ν24κ27, µ¯24}.
By equations (2.12), η13ω14 = ε
∗
13 (see [12, Proposition (2.13)(1)]) and
ε¯3ω18 = 0, [10, III-(9.5)], (4.5)
we have κ10ε
∗
24 = κ10η24ω25 = ε¯10ω25 = 0. We also have κ10σ24η31µ32 = 0 by
(4.4). A relation κ7ν21 = ν7κ10 (see [12, Proposition (2.13)(2)]) and Lemma
3.5 give κ10ν24κ27 = ν10κ
2
13 ∈ E
3(ν7 ◦ π
10
38) = 0. By [14, Proposition 3.1] and
Lemma 2.1, κ10µ¯24 = µ¯10κ27 = 0 is obtained. Therefore, (4.3) is trivial.
We know ν¯17 = {ν17, η20, ν21}, π
9
22 = Z2{σ9ν
2
16} and σ9ν
2
16 ◦ ν22 = σ9ν
3
16 6= 0
(see [14, Lemma 6.2, Theorems 7.7, 12.6]). A Toda bracket {ε9, ν17, η20} ⊂ π
9
22 is
well defined by (2.8) and (2.3). Since {ε9, ν17, η20}◦ν22 = −(ε9◦{ν17, η20, ν21}) =
ε9ν¯17 and
ε9ν¯17 = 0, (4.6)
by (2.17) and (2.13), we have
{ε9, ν17, η20} = 0. (4.7)
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Lemma 4.2. {ε9, ν¯17, σ
2
25}9 = 0 and {ε9, ε17, σ
2
25}9 = {ε¯9, η24, σ
2
25}9 consists of
one element.
Proof. By (2.11), (2.24) and (4.6), {ε9, ν¯17, σ
2
25}9 and {ε9, ε17, σ
2
25}9 are well
defined. Well-definedness of the remaining Toda bracket {ε¯9, η24, σ
2
25}9 is stated
in the proof of Lemma 4.1. The indeterminacy of {ε9, ν¯17, σ
2
25}9 is ε9 ◦E
9π831 +
π926 ◦ σ
2
26, which is the same as that of {ε9, ε17, σ
2
25}9. Here,
E9π831 = {2ρ¯17, ν17κ¯20, φ17}
and
π926 = {σ9η16µ17, ν9κ12, µ¯9, η9µ10σ19}
by [6, pp. 24–27] and [14, Theorem 12.7], respectively. The group ε9 ◦ E
9π831
is trivial: ε9 ◦ 2ρ¯17 = 2ε9 ◦ ρ¯17 = 0 as ε9 is of order 2 (see [14, Theorem 7.1]);
ε9ν17 = 0 by (2.8); and ε9φ17 = 0 by [10, III-Proposition 2.6(1)]. We also have
π926 ◦ σ
2
26 = 0 in the same way that π
10
27 ◦ σ
2
27 = 0 is proved in Lemma 4.1. Then
the two Toda brackets consist of one element.
By (3.6), we may set ν¯6 = χ1χ2, where χ1 is an extension of ν6 and χ2
is a coextension of ν10 with respect to η9. Let CP
2 be the complex plane,
iC : S
2 → CP2 be the inclusion and pC : CP
2 → S4 be the collapsing map. By
(4.7), we obtain
ε9E
11χ1 ∈ ε9 ◦ {ν17, η20, E
17pC} = −({ε9, ν17, η20} ◦E
18pC) = 0.
By the fact that {ηn, νn+1, σn+4} = 0 for n ≥ 11 (see [8, Lemma 4.1(2)]),
(E2χ2)σ16 ∈ {E
9iC, η11, ν12} ◦ σ16 = −(E
9iC ◦ {η11, ν12, σ15}) = 0.
So, we have
{ε9, ν¯17, σ
2
25}9 = {ε9, E
11(χ1χ2), σ
2
25}9
= {ε9E
11χ1, E
11χ2, σ
2
25}9 = {0, E
11χ2, σ
2
25}9 = 0.
This leads to the first half.
Since ε5 = {ν
2
5 , 2ι11, η11} (see [14, (7.6)]), we may set ε5 = χ3η˜11, where χ3
is an extension of ν25 with respect to 2ι11. Since ε¯5 = {ε5, ν
2
13, 2ι19}1 (see [10,
III-Proposition 2.3(5)]), we have
ε5E
8χ3 ∈ ε5 ◦ E{ν
2
12, 2ι18, p18} = {ε5, ν
2
13, 2ι19}1 ◦ p20 = ε¯5p20.
Therefore,
{ε9, ε17, σ
2
25}9 = {ε9, E
12(χ3η˜11), σ
2
25}9
= {ε9E
12χ3, η˜23, σ
2
25}9
= {ε¯9p24, η˜23, σ
2
25}9
∈ {ε¯9, η24, σ
2
25}9 mod ε¯9 ◦ E
9π1531 + π
9
26 ◦ σ
2
26.
Here, E9π1531 = {ω24, σ24µ31} by [14, Theorem 12.16], ε¯9ω24 = 0 by (4.5), and
ε¯9σ24µ31 = 0 by (3.1). Then the indeterminacy is π
9
26 ◦ σ
2
26, which equals 0 as
above. This leads to the second half and completes the proof.
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By [6, (3.5)], δ3 is an element in {ε3, ε11+ ν¯11, σ19}1. Since E
3π824 = Eπ
10
26 =
{σ11µ18} (see [14, Theorems 12.6, 12.16]), the indeterminacy of the Toda bracket
coincides with that of {ε3, ε11 + ν¯11, σ19}3. Then δ3 ∈ {ε3, ε11 + ν¯11, σ19}3, and
hence, by Lemma 4.2,
δ9σ33 ∈ {ε9, ε17 + ν¯17, σ25}9 ◦ σ33
⊂ {ε9, ε17 + ν¯17, σ
2
25}9
= {ε9, ε17, σ
2
25}9 + {ε9, ν¯17, σ
2
25}9
= {ε¯9, η24, σ
2
25}9.
This gives δ9σ33 = {ε¯9, η24, σ
2
25}9. Therefore, by Lemma 4.1, we have
2κ∗10 = E{ε¯9, η24, σ
2
25}12 ⊂ E{ε¯9, η24, σ
2
25}9 = δ10σ34.
This yields the assertion of Theorem 1.1(ii).
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